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a b s t r a c t

Heat transfer and fluid flow due to buoyancy forces in a partially heated enclosure using nanofluids is
carried out using different types of nanoparticles. The flush mounted heater is located to the left vertical
wall with a finite length. The temperature of the right vertical wall is lower than that of heater while
other walls are insulated. The finite volume technique is used to solve the governing equations. Calcula-
tions were performed for Rayleigh number (103

6 Ra 6 5 � 105), height of heater (0.1 6 h 6 0.75), loca-
tion of heater (0.25 6 yp 6 0.75), aspect ratio (0.5 6 A 6 2) and volume fraction of nanoparticles
(0 6 u 6 0.2). Different types of nanoparticles were tested. An increase in mean Nusselt number was
found with the volume fraction of nanoparticles for the whole range of Rayleigh number. Heat transfer
also increases with increasing of height of heater. It was found that the heater location affects the flow
and temperature fields when using nanofluids. It was found that the heat transfer enhancement, using
nanofluids, is more pronounced at low aspect ratio than at high aspect ratio.

� 2008 Elsevier Inc. All rights reserved.
1. Introduction

Buoyancy induced flow and heat transfer is an important phe-
nomenon in engineering systems due to its wide applications in
electronic cooling, heat exchangers, double pane windows etc.
These applications are reviewed by Ostrach (1988). Enhancement
of heat transfer in these systems is an essential topic from an en-
ergy saving perspective. The low thermal conductivity of convec-
tional heat transfer fluids such as water and oils is a primary
limitation in enhancing the performance and the compactness of
such systems. An innovative technique to improve heat transfer
is by using nano-scale particles in the base fluid (Choi, 1995).

Nanotechnology has been widely used in industry since materi-
als with sizes of nanometers possess unique physical and chemical
properties. Nano-scale particle added fluids are called as nanofluid
which is firstly utilized by Choi (1995). Some numerical and exper-
imental studies on nanofluids include thermal conductivity (Kang
et al. 2006), convective heat transfer (Maiga et al, 2005; Abu-Nada,
2008), boiling heat transfer and natural convection (Xuan and Li,
2000). Detailed review studies are published by Putra et al.
(2003), Wang et al. (2006), Xuan and Li (2000), Trisaksri and Won-
gwises (2007), Daungthongsuk and Wongwises (2007), and Wang
and Mujumdar (2007).
ll rights reserved.

962 382 6613.
Studies on natural convection using nanofluids are very limited
and they are related with differentially heated enclosures. Hwang
et al. (2007) investigated the buoyancy-driven heat transfer of
water-based Al2O3 nanofluids in a rectangular cavity. They showed
that the ratio of heat transfer coefficient of nanofluids to that of
base fluid is decreased as the size of nanoparticles increases, or
the average temperature of nanofluids is decreased. Khanafer
et al. (2003) investigated the heat transfer enhancement in a
two-dimensional enclosure utilizing nanofluids for various perti-
nent parameters. They tested different models for nanofluid den-
sity, viscosity, and thermal expansion coefficients. It was found
that the suspended nanoparticles substantially increase the heat
transfer rate any given Grashof number. Jou and Tzeng (2006) used
nanofluids to enhance natural convection heat transfer in a rectan-
gular enclosure. They conducted a numerical study using Khana-
fer’s model. They indicated that volume fraction of nanofluids
cause an increase in the average heat transfer coefficient. Jang
and Choi (2004) investigated the Benard regime in nanofluid
filled rectangular enclosures. Wang et al. (2006) conducted a study
on natural convection in nanofluid filled vertical and horizontal
enclosures. Also, a recent study by Polidori et al. (2007) analyzed
the heat transfer enhancement in natural convection using
nanofluids.

Natural convection heat transfer in a partially heated enclosure
is an important issue due to wide applications in buildings or
cooling of flush mounted electronic heaters. Chu et al. (1976) con-
ducted an experimental and numerical study to analyze the effects
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Fig. 1. Sketch of problem geometry and coordinates.

Nomenclature

A aspect ratio (W/H)
Cp specific heat at constant pressure (kJ kg�1 K�1)
g gravitational acceleration (m s�2)
H height of the enclosure (m)
h local heat transfer coefficient (W m�2 K�1)
h dimensionless length of partial heater, h0/H
h0 length of heater, (m)
k thermal conductivity (W m�1 K�1)
Nu Nusselt number, Nu = hH/k
Nuavg average Nusselt number
Pr Prandtl number
qw heat flux, (W m�2)
Ra Rayleigh number
T dimensional temperature (K)
u, v dimensional x and v components of velocity (m s�1)
U, V dimensionless x and v components of velocity
W length of the enclosure (m)
x, y dimensionless coordinates
yp dimensionless center of heater
y0p center of location of heater (m)

Greek symbols
a fluid thermal diffusivity (m2 s�1)
b thermal expansion coefficient (K�1)

e numerical tolerance
u nanoparticle volume fraction
/ transport quantity
m kinematic viscosity (m2 s�1)
h dimensionless temperature
W dimensionless stream function
w dimensional stream function (m2 s�1)
X dimensionless vorticity
x dimensional vorticity (s�1)
q density (kg m�3)
l dynamic viscosity (N s m�2)

Subscripts
avg average
nf nanofluid
f fluid
H hot
L cold
s solid
w wall
p particle
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of heater size, location, aspect ratio and boundary conditions on
natural convection in a rectangular air filled enclosure. They indi-
cated that heater size and location are important parameters on
flow and temperature field and heat transfer. The problem of
temperature and flow field in a partially heated enclosure for dif-
ferent conditions in air or water filled enclosure has been studied
extensively in the last three decades (Farouk and Fusegi, 1989;
Koca et al. 2007; Varol et al., 2006; Ishihara et al. 2002; Nasr
et al. 2006; Aydin and Yang, 2000; Turkoglu and Yucel, 1995;
Ahmed and Yovanovich, 1992; Hasnaoui et al., 1992; Chao et al.,
1983).

The main aim of this study is to examine the natural convection
heat transfer in a partially heated rectangular enclosure filled with
nanofluids. Three different nanofluids as Cu, Al2O3 and TiO2 are
tested to investigate the effect of nanoparticles on natural convec-
tion flow and temperature fields. The mentioned literature survey
indicates that there is no study on natural convection in a partially
heated enclosure filled with nanofluid.

2. Governing equations and problem formulation

Fig. 1 shows a schematic diagram of the partially heated enclo-
sure. The fluid in the enclosure is a water based nanofluid contain-
ing different type of nanoparticles: Cu, Al2O3, and TiO2. The
nanofluid is assumed incompressible and the flow is assumed to
be laminar. It is assumed that the base fluid (i.e. water) and the
nanoparticles are in thermal equilibrium and no slip occurs be-
tween them. The thermo physical properties of the nanofluid are
given in Table 1. The left wall is maintained at a constant temper-
ature (TH) higher than the right wall (TL). The thermo-physical
properties of the nanofluid are assumed to be constant except for
the density variation, which is approximated by the Boussinesq
model.

The governing equations for the laminar and steady state natu-
ral convection in terms of the stream function-vorticity formula-
tion are
Vorticity
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Fig. 2. Typical control volume.
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The effective density of the nanofluid is given as

qnf ¼ ð1�uÞqf þuqs ð5Þ

The heat capacitance of the nanofluid is expressed as (Abu-Nadu,
2007; Khanafer et al. (2003)):

ðqcpÞnf ¼ ð1�uÞðqcpÞf þuðqcpÞs ð6Þ

The effective thermal conductivity of the nanofluid is approximated
by the Maxwell–Garnetts model

knf

kf
¼ ks þ 2kf � 2uðkf � ksÞ

ks þ 2kf þuðkf � ksÞ
ð7Þ

The use of this equation is restricted to spherical nanoparticles
where it does not account for other shapes of nanoparticles. This
model is found to be appropriate for studying heat transfer
enhancement using nanofluids (Akbarinia and Behzadmehr, 2007;
Abu-Nada, 2008; Palm et al., 2006; Maiga et al., 2005) .The viscosity
of the nanofluid can be approximated as viscosity of a base fluid lf

containing dilute suspension of fine spherical particles and is given
by Brinkman (1952):

lnf ¼
lf

ð1�uÞ2:5
ð8Þ

The radial and tangential velocities are given by the following rela-
tions respectively,
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The dimensionless radial and tangential velocities are given as,
respectively:

U ¼ oW
oy

; ð17Þ

V ¼ � oW
ox

: ð18Þ
The dimensionless boundary conditions are written as

1�On the left wallðheaterÞi:e:;x¼ 0;W¼ 0;X¼� o2W
ox2 ;h¼ 1:

2�On the left wallðno heaterÞi:e:;x¼ 0;W¼ 0;X¼� o2W
ox2 ;

oh
ox¼ 0:

3�On the right wall i:e:;x¼ 1;W¼ 0;X¼� o2W
ox2 ;h¼ 0:

4�On the top and bottom walls : W¼ 0;X¼� o2W
oy2 ;

oh
oy¼ 0:

9>>>>>=
>>>>>;
ð19Þ
temperature distribution on the left wall (Ra = 10 , Pr = 0.7).



H.F. Oztop, E. Abu-Nada / International Journal of Heat and Fluid Flow 29 (2008) 1326–1336 1329
3. Numerical implementation

Eqs. (12)–(14) with corresponding boundary conditions given in
Eq. (19) are solved using the finite volume approach (Patankar
(1980), Versteeg and Malalasekera (1995)). The diffusion term in
the vorticity and energy equations is approximated by a second-or-
der central difference scheme which gives a stable solution. Fur-
thermore, a second order upwind differencing scheme is adopted
for the convective terms. The algebraic finite volume equations
for the vorticity and energy equations are written into the follow-
ing form:

aP/P ¼ aE/E þ aW/W þ aN/N þ aS/S þ b ð20Þ

where P, W, E, N, S denote cell location, west face of the control vol-
ume, east face of the control volume, north face of the control vol-
a

b

c

Fig. 5. Streamlines (on the left) and Isotherms (on the right) for Cu-water nanofluids
Ra = 5 � 105.
ume and south face of the control volume respectively (see Fig. 2).
Similar expression is also used for the kinematics equation where
only central difference is used for the discritization at the cell P of
the control volume. The resulted algebraic equations are solved
using successive over/under relaxation method. Successive under
relaxation was used due to the non-linear nature of the governing
equations especially for the vorticity equation at high Rayleigh
numbers. The convergence criterion is defined by the following
expression:

e ¼
Pj¼M

j¼1

Pi¼N
i¼1 j/

nþ1 � /njPj¼M
j¼1

Pi¼N
i¼1 j/

nþ1j
< 10�6 ð21Þ

where e is the tolerance; M and N are the number of grid points in
the x and y directions, respectively.
(---), pure fluid (___), h = 0.5, A = 1, yp = 0.5, u = 0.1, (a) Ra = 104, (b) Ra = 105, (c)
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An accurate representation of vorticity at the surface is the most
critical step in the stream function vorticity formulation. A second
order accurate formula is used for the vorticity boundary condi-
tion. For example, the vorticity at the bottom wall is expressed as:

X ¼ �ð8W1;j �W2;jÞ
2ðDyÞ2

ð22Þ

Similar expressions are written for other walls. After solving W, X,
and T, further useful quantities are obtained. For example, the Nus-
selt number can be expressed as

Nu ¼ hH
kf

ð23Þ

The heat transfer coefficient is expressed as

h ¼ qw

TH � TL
ð24Þ

The thermal conductivity is expressed as

knf ¼ �
qw

oT=ox
ð25Þ

By substituting Eqs. (24), (25), and (7) into Eq. (23), and using the
dimensionless quantities, the Nusselt number on the left wall is
written as:

Nu ¼ � knf

kf

� �
oT
ox

ð26Þ

The average Nusselt number is defined as

Nuavg ¼
Z 1

0
NuðyÞdy ð27Þ

A 1/3rd Simpson’s rule of integration is used to evaluate Eq. (27).
4. Grid testing and code validation

An extensive mesh testing procedure was conducted to guaran-
tee a grid independent solution. Seven different mesh combina-
tions were used for the case of Ra = 105 and Pr = 0.7. The present
code was tested for grid independence by calculating the average
Nusselt number on the left wall. It is found that a grid size of
51 � 51 ensures a grid independent solution. The converged value
(Nu = 4.644) was compared to other known values reported by
other researchers as shown in Fig. 3. Therefore, the converged va-
lue compares very well with other values obtained in literature.

The present numerical solution is further validated by compar-
ing the present code results for Ra = 105 and Pr = 0.70 against the
experiment of Krane and Jessee (1983) and numerical simulation
of Khanafer et al. (2003). It is clear that the present code is in good
agreement with other work reported in literature as shown in
Fig. 4.

5. Results and discussion

Numerical analysis of buoyancy induced flow in a partially
heated rectangular enclosure filled with nanofluid has been per-
formed using the MG model. The effect of volume fraction of nano-
fluid, aspect ratio, type of nanoparticles, length of the heater,
location of the heater and Rayleigh number are analyzed. The base
case was taken as A = 1 (square cavity), Ra = 105, h = 0.5, yp = 0.5
and u = 0.1. Prandtl number is taken as Pr = 6.2.

Fig. 5(a)–(c) shows a comparison between Cu-water nanofluid
(plotted by dashed lines) and pure fluid (plotted by solid lines)
on streamlines (on the left) and isotherms (on the right) using dif-
ferent values of Rayleigh number. The figure demonstrates that a
single circulation cell is formed in the clockwise direction for all
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values of Rayleigh numbers. Fig. 5(a) presents the case of Ra = 104

where a circular shaped cell is formed with wmin = �4.84. The cor-

responding isotherms exhibit the characteristics of conduction
dominated regime since they are distributed approximately paral-



Table 1
Thermophysical properties of fluid and nanoparticles

Physical properties Fluid phase (water) Cu Al2O3 TiO3

Cp(J/kgK) 4179 385 765 686.2
q (kg/m3) 997.1 8933 3970 4250
K (W/mK) 0.613 400 40 8.9538
a � 107 (m2/s) 1.47 1163.1 131.7 30.7
b � 10�5 (1/K) 21 1.67 0.85 0.9
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lel to the vertical walls. As the Rayleigh number increases, the
length cell increases and egg shaped cell is observed as shown in
Fig. 5(b). By increasing the value of Rayleigh number the flow
strength increases and the boundary layers become more distin-
guished. Isotherms show that temperature gradients near the hea-
ter and cold wall become more severe. For Ra = 5 � 105, the
streamlines elongate parallel to the horizontal wall for pure fluid.
Also, an oval shaped circulation cell was observed near the right
vertical wall as seen from Fig. 5(c).

Volume fraction of nanoparticles is a key parameter for study-
ing the effect of nanoparticles on flow fields and temperature dis-
tributions. Thus, Fig. 6(a) and (b) are prepared to present the effect
of volume fraction of nanoparticles. The figure includes stream-
lines (on the left) and isotherms (on the right) for Ra = 105,
yp = 0.5, h = 0.1. As shown from the figure, an egg shaped circula-
tion cell is formed for the case of u = 0.2 with w = �9.62. However,
it moves towards to the heater for u = 0.1. The comparison indi-
cates that more fluid is heated for higher values of volume fraction
of nanoparticles as shown from the isotherms. Flow strength also
increases with increasing of volume fraction of nanoparticles.

Fig. 7 is presented to show the effects of both heater location
and volume fraction of nanoparticles on flow fields and tempera-
ture distribution. Fig. 7(a) illustrates the streamline (on the left)
and isotherm (on the right) for u = 0.1, h = 0.5 and yp = 0.25. For
this case, oval shaped circulation cell is formed with wmin = �13.94
due to cavity heated from the bottom corner. When volume frac-
tion of nanoparticles increases from 0.1 to 0.2, length of the circu-
lation cell becomes smaller and flow strength increases, as seen
from Fig. 7(b). When the heater is placed on the upper half part
of the enclosure, i.e., yp = 0.75, an egg-shaped recirculation cell is
observed with wmin = �8.43 for u = 0.1 (Fig. 7(c)) and wmin = �9.45
a

b

Fig. 8. Streamlines (on the left) and isotherms (on the right) h = 0.5, A = 1, yp = 0.25 (a)
Ra = 105), Al2O3 (___), (wmin = �8.387 for Ra = 104 and wmin = �14.23 for Ra = 105).
for u = 0.2 (Fig. 7(d)). When the heater is located in the upper half,
the flow strength decreases compared with the location in the low-
er half. This is due to impingement of hot fluid to the top insulated
wall. In this case, the fluid at right bottom corner becomes motion-
less due to impingement of circulated fluid to the middle of the left
vertical wall. Also, the half bottom of the cavity becomes cooler
than the upper half part. Overall observation of Fig. 7 shows that
as the volume fraction increases, movements of particles become
irregular and random due to increasing of energy exchange rates
in the fluid.

Fig. 8 compares the streamlines and isotherms using different
nano-fluids as TiO2-water and Al2O3-water and using different
Rayleigh number as Ra = 104 (Fig. 8(a)) and Ra = 105 (Fig. 8(b)).
For both nanofluids, a single circulation cell was observed in the
clockwise directions. For lower values of Rayleigh number, the flow
strength is higher for Al2O3 than that of TiO2. On the contrary, the
flow strength becomes smaller for Al2O3 at Ra = 105. Isotherms
show almost same distribution for these two nanofluids due to clo-
ser value of thermal conductivity of Al2O3 and TiO2 which is given
in Table 1.
Ra = 104, (b) Ra = 105 (----) TiO2 (wmin = �5.391 for Ra = 104 and wmin = �19.18 for
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Fig. 9 shows the streamlines and isotherms using different as-
pect ratios. It is clear that the flow strength and the temperature
isotherms are influenced by the presence of nanoparticles. The
behavior is similar to the trend encountered at A = 1.

Fig. 10(a)–(c) presents the variation of mean Nusselt number
with volume fraction using different nanoparticles and different
values of Rayleigh number. Results are presented for the base case,
i.e., h = 0.5 and yp = 0.5. The figure shows that the heat transfer in-
creases almost monotonically with increasing the volume fraction
for all Rayleigh numbers and nanofluids. For Ra = 103 (Fig. 9(a)), the
lowest heat transfer was obtained for TiO2 due to domination of
conduction mode of heat transfer since TiO2 has the lowest value
of thermal conductivity compared to Cu and Al2O3. However, the
difference in the values of Al2O3 and Cu is negligible. The thermal
conductivity of Al2O3 is approximately one tenth of Cu, as given in
Table 1. However, a unique property of Al2O3 is its low thermal dif-
fusivity, Table 1. The reduced value of thermal diffusivity leads to
higher temperature gradients and, therefore, higher enhancements
-11.435

a

-12.170

b

-9.113

c

-8.857

d

Fig. 9. Streamlines (on the left) and isotherms (on the right) for Ra = 105, h = 0.5, yp
in heat transfer. The Cu nanoparticles have high values of thermal
diffusivity and, therefore, this reduces temperature gradients
which will affect the performance of Cu nanoparticles. As volume
fraction of nanoparticles increases, difference for mean Nusselt
number becomes larger especially at higher Rayleigh numbers
due to increasing of domination of convection mode of heat trans-
fer. The highest heat transfer is recorded when using Cu-nanofluids
for u = 0.2 and Ra = 105.

Fig. 11 presents the vertical velocity profiles along the mid-sec-
tion (middle plane) of the square enclosure using different nanofl-
uids and Ra = 105, u = 0.1, h = 0.5 and yp = 0.5. Due to buoyant flow
inside the enclosure, the velocity shows a parabolic variation near
the isothermal walls. The vertical velocity is not sensitive to the
type of nanoparticles where three types of nanoparticles show sim-
ilar vertical velocity. This is explained by looking at Eq. (8) where
the Brinkman formula shows that the viscosity of the nanofluid
is only sensitive to the volume fraction of particles and not influ-
enced by the type of nanoparticles. However, the vertical velocity
= 0.5, (a) A = 2, u = 0.1, (b) A = 2, u = 0.2, (c) A = 0.5, u = 0.1, (d) A = 0.5, u = 0.2.
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of nanofluid is lower than that of pure fluid at the hot side and
higher at the cold side. It means that particle suspension affects
the flow field. The flow velocity is almost zero around the center
of the cavity. The profile also gives idea on flow rotation direction.

Using the same parameters given in Fig. 11, the variation of lo-
cal Nusselt number is illustrated along the partial heater in Fig. 12
using different nanoparticles. Values of local Nusselt number have
higher values at onset of heating and end point of the heater due to
high temperature difference. As shown from the figure, almost U-
shaped variation is obtained. Again, the highest local Nusselt num-
ber values were formed for Cu and the lowest one for pure fluid.
Variation of local Nusselt number using different volume fraction
of nanoparticles for different aspect ratios is given in Fig. 13 for
h = 0.5, yp = 0.5, Ra = 105 and Cu-water nanofluid. As shown from
the figure, the heat transfer increases when increasing the volume
fraction of nanoparticles. Thus, more particles are suspended and
thermal conductivity of nanofluid increases. This result is sup-
ported by Khanafer et al. (2003). Also, the figure shows that as
the aspect ratio increases the value of the Nusselt number de-
creases because of the decrease in temperature gradients. The
three aspect ratios, as depicted in Fig. 13(a)–(c), show a similar
trend in the variation of the Nusselt number. However, at the lower
edge of the heater (i.e., y = 0.25) the value of the Nusselt number,
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Fig. 10. Variation of mean Nusselt numbers with volume fraction for different
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for A = 0.5, is more sensitive to the presence of nanoparticles com-
pared to A = 2. For example, at this edge, the enhancement in the
Nusselt number when the volume fraction of nanoparticles is in-
creased from 0 to 0.2, using A = 0.5, is approximately 40% whereas
the enhancement is around 20% for A = 2. This finding is further
supported in Fig. 14. The figure shows the variation of the mean
Nusselt number using different aspect ratios. The enhancement
in the mean Nusselt number when the volume fraction of nanopar-
ticles is increased from 0 to 0.2, using A = 0.5, is approximately 26%
whereas the enhancement is around 14% for A = 2. This tells that,
for rectangular enclosures, the enhancement in heat transfer, due
to the presence of nanoparticles, is more pronounced at low aspect
ratio than at high aspect ratio.

Finally, the effect of dimensionless heater length (h0/H) on heat
transfer is shown in Fig. 15 for h = 0.5, yp = 0.5, Ra = 105 and u = 0.1
using different nanofluids. The figure shows that heat transfer in-
creases with heater size as expected due to increasing of heating
surface. This graph is also supported by Chu et al. (1976) for pure
fluid. An interesting result that the difference for heat transfer
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value becomes higher for higher heater size due convection mode
of heat transfer becomes dominant. For lower heater size, values
are almost equal for Cu and Al2O3. This figure also indicates that
using of nanofluid enhances the natural convection heat transfer
and Cu-nanofluid has the highest heat transfer enhancement.

6. Conclusions

A numerical study has been performed to investigate the effect
of using different nanofluids on natural convection flow field and
temperature distributions in partially heated square enclosure
from the left vertical wall using MG model. Some important points
can be drawn from the obtained results such as

(a) Both increasing the value of Rayleigh number and heater
size enhances the heat transfer and flow strength keeping
other parameters fixed.

(b) The type of nanofluid is a key factor for heat transfer
enhancement. The highest values are obtained when using
Cu nanoparticles.

(c) The difference in heat transfer, using different nanofluids,
increases with increasing the value of volume fraction of
nanoparticles.

(d) When increasing the heater size, the difference in heat trans-
fer values is increased and depends mainly on the type of
nanofluid used.

(e) For rectangular enclosures, the enhancement of heat trans-
fer, due to the presence of nanoparticles, is more pro-
nounced at low aspect ratio than at high aspect ratio.

In the future, the study can be extended for higher Rayleigh
numbers, different types of nanofluids. An optimization study
may be necessary for this study but it is not a goal of the present
study.
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